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0. Introduction 
Given a geometric structure on a manifold M, one may attempt to study the topology 
and geometry of M via the global behavior of solutions to naturally associated partial 
differential equations. Often the functional analytic constructs in this situation will 
reveal deep facts about M, locally as well as globally. A standard example is that of 
the Laplace operator A on differential forms in a compact, Riemannian, m-dimensional, 
smooth manifold (M, g) without boundary: here asymptotically, 
TrL2 exp( -tA) N tmrn12 c a$, t L O, (0.1) 
i=o 
where the coefficients ai are integrals of local invariants (polynomials in the derivatives 
of the metric tensor and its inverse). We have in earlier work [12,13] studied heat 
semigroups and analogues of (0.1) with A replaced by partial differential operators 
D canonically associated with the conformal structure on M. In particular, we found 
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that for these operators, the term urni (m even) is a conformal invariant; that is, it 
is unchanged when the metric g is replaced by R2g for R a smooth positive function. 
These numbers are conformal indices, the conformal analogues of the topological in- 
dices produced by, for example, the de Rham complex. The proof involved a rather 
delicate analysis of perturbations of pseudo-differential operators, but was otherwise 
very natural and suggestive of generalizations. Since quantities of this type (trace and 
conformal anomalies, functional determinants, spectral asymmetry invariants) have be- 
come important in connection with string theories (see, e.g., [2]), it seems an opportune 
time to justify mathematically the frequent switching of the order of limit operations 
implicit in much of the literature, and to set up a framework general enough to tell us 
when we might expect such invariants to appear. 
In this paper we use the techniques of [la, 131 to find new classes of conformal in- 
variants, and to calculate the conformal variations of non-invariant quantities, both for 
Riemannian and for pseudo-Riemannian manifolds. We begin by finding the conformal 
variations of Lefschetz fixed point formulas (Section 1); this gives information on the 
conformal geometry of fixed point sets of isometries of M. Then we consider expansions 
like (0.1) corresponding to certain elliptic boundary value problems (Section 2), and 
identify a conformal invariant coming from an integral over the boundary, plus (in even 
dimensions) an integral over the interior of M. We calculate the conformal variations 
of the functional determinant and the eta invariant, and show that either (1) these 
quantities are conformally invariant (for example, in odd dimensions in the case of the 
functional determinant of a conformal operator with no zero spectrum), or (2) some 
(local) constant curvature condition is necessary and sufficient for a given metric to be 
critical under volume-preserving conformal changes (Section 3). Thus we get conformal 
analogues of topological results on the analytic torsion and spectral asymmetry. Fi- 
nally, we develop further the ideas in [13] on the transition from Riemannian conformal 
invariants to Lorentz conformal and CR invariants (Section 4), and prove that each 
conformal operator D produces an infinite sequence of conservation laws for conformal 
flows via its heat operator invariants (Section 5). 
One of the long-term goals of this variational and invariant theory is to understand 
the “moduli space” M of equivalence classes of Riemannian metrics on a given M, 
where two metrics are considered to be equivalent if a diffeomorphism takes one to 
a conformal multiple of the other. This problem is complementary to that of under- 
standing the conformal group of a manifold, the intersection of our two “gauge groups” 
of conformal changes and diffeomorphisms. The spectrum of any natural differential 
operator is invariant under diffeomorphism, but not under conformal change, even if 
the operator has the nicest possible conformal properties. Our program may be viewed 
as an attempt to isolate those aspects of the spectrum which do not change, or change 
in a simple, predictable, “local” way when the metric is changed conformally. The 
unchanged quantities will be “coordinates” on M, while the conformal critical metrics 
for the changeable quantities might provide convenient representatives for some or all 
conformal classes. 
As a general remark on the techniques of this paper, we note that their applicability 
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is not necessarily restricted to problems in conformal or CR geometry, though these are 
our main applications. To see this, consider a smooth one-parameter family D = D(u) 
of elliptic differential operators on a smooth Hermitian vector bundle over a compact 
manifold with a given smooth density. Suppose that 
kLD(“L = aD(O)w - bwD(O), w > 
where a and b are constants, and w is multiplication by a smooth function somehow 
associated to the variation. (0.2) holds in particular for conformally covariant operators 
in Riemannian manifolds (see (l.l)), but it is the only formal assumption that really 
enters the invariance proofs. Thus our results are valid in some form for other variation 
schemes which satisfy (0.2), with possible applications to the geometry of more general 
G-structures on manifolds. One can also add a zeroth-order operator on the right in 
(0.2) (see Remarks 1.25 and 3.11 below), and relax or change the assumptions on D 
(from elliptic to, say, hyperbolic or sub-elliptic; see Section 4 below); on M (from 
compact to, say, complete with finite volume; see Section 5b below); and on w (which 
could be, say, just a finite-order pseudo-differential operator). As pointed out in [la, 
Section 4e], one then comes into contact with the Laz pair idea. 
We have added a section on further results and problems to outline more applica- 
tions and possible directions for future research. The main results of the present paper 
are Theorem 1.15 on fixed point formula invariants, Theorem 2.4 on boundary value 
invariants, Theorem 3.6 on functional determinants, Theorem 3.18 on the eta invariant, 
and Theorem 5.4 on conservation laws. 
The first-named author would like to thank the University of Copenhagen for its 
hospitality and support, and the second-named author would like to similarly thank 
the University of Iowa and Sonderforschungsbereich 170: Geometrie und Analysis in 
Gottingen. 
1. Lefschetz fixed-point formulas 
Let M be a smooth, compact, m-dimensional manifold without boundary, equipped 
with a Riemannian metric g. We shall always denote the smooth, positive Riemannian 
measure by dvol; when M is orientable, we shall denote a choice of Riemannian volume 
form by E. When M has spin structure, we shall denote the fundamental tensor-spinor 
(spin representation) by y. Recall that, among the many differential operators on tensor- 
spinor bundles that can be built naturally from g (and possibly E and/or 7) are some 
which really only depend on the conformal class of g [9,10,67]. These operators are 
conform&y covuriunt in the following sense: if one makes a conformal change of metric, 
9 = R2g with R > 0 a smooth function (and the compatible changes F = WE, ‘p = 
R-ly if applicable), the new operator D is given by 
D = R-bDW (14 
for some a, b E in, when R” is to be interpreted as a multiplication operator. 
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In this section, we shall work with three kinds of assumptions on our tensor-spinor 
differential operators D: 
1.2. Naturality assumptions. D is built in a universal way from g, (9, E), (g,y), 
or (9, E, y) in a G-invariant manner, where G is the structure group of the bundle 
involved (O(m), SO(m), Pin(m), or Spin(m)). Th is h as very strong implications, rooted 
in Weyl’s invariant theory [66], for the form of the symbol of D [3,16]. 
1.3. Analytic assumptions. D is always formally self-adjoint, with positive definite 
leading symbol. In particular, D is elliptic, has even order 2e > 0, and has discrete real 
eigenvalue spectrum bounded below: Xu < Xr < . . . T $00. 
1.4. Conformal assumptions. D is conformally covariant as above. In the presence 
of the analytic assumptions, there is only one possibility for the conformal bidegree 
(a, b): if D is realized in a bundle of (3 tensors - (L) spinors, then 
( 6)=( m - 2e m + 2e a, -+p-Cl, 2 2 -+p-q > 
[14, Section 41. 
For a one-parameter group of conformal factors R = eUw, where u is a real parameter 
and w a fixed smooth function, we would like to study our differential operator and its 
spectrum as functions of u. In the following we omit the bar and write D = D(u), etc. 
The u-derivative at u = 0 will be denoted by a dot. As in [12,13] we have: 
1.5. Theorem. Suppose D satisfies the analytic assumptions (1.3). Then the diag- 
onal values H(t, x,x) of the kernel “function” (section) H(t, x:, y) for the operator 
exp(-tD), t > 0, have the asymptotic ezpunsion 
fiberwise trace H(t, 2, x) N 2 t(2i-m)/2eUi(x), 
i=o 
t I 0, (1.6) 
where the Ui are smooth scalars built in a universal, polynomial way from the symbol 
of D. (1.6) can be integrated term by term: 
TrLz exp( -tD) = J t%iber H(t, 2, x> dvol(s) M 
00 
-lx 
t(2i-m)/2e 
i=O 
J Ui(x) dvol(z), t j. 0. M 
(1.7) 
If, in addition, D is natural (1.2)) so are the U;, with the homogeneity property 
g= A2g (F= A”E, ‘P=A-‘y), O<AER 
j ui = A-2iui. 
(l-8) 
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The u-derivative of the L2 trace in (1.7) exists, and is given by the Ray-Singer formula 
WI 
[T~Q exp(-tD)]’ = -1. T~Lz b exp(-tD). (1.9) 
If, in addition to (1.2), (1.3), th e conformal assumptions (1.4) also hold, then 
(/MU;dvol)’ = (m-2i)/Mwli,dvol, i = O,l,... . 
In particular, l_J,,, is a conformal invariant for even m. 0 
(1.10) 
When clear from the context, we shall sometimes omit the integration variable, dvol, 
or the domain of integration in integrals as above. “Tr” will always denote the L2 
trace, and “tr” will denote the fiberwise trace. Now we wish to generalize the above 
results to encompass the action of a smooth transformation cp : A4 --f M; that is, we 
shall compute Tr v* exp( - to) and its conformal variation, where cp* is the canonical 
pullback of v on our tensor-spinor bundle V. (If spinors are involved, p must be a 
conformal transformation for v* to be well-defined [43,37,49].) If, for example, V = hr, 
the bundle of p-forms, v* can be taken to be the usual pullback AEIZ) + A$. From 
[28, Lemma 1.8.21, we get: 
1 .ll. Proposition. Let p be a transformation with a canonical pullback on V, and 
suppose that D satisfies assumptions (1.3). Then p* exp(-tD) is given by the smooth 
kernel R(t, z, y) = $)H(t, p(x), y), w h ere H is the kernel for exp(-tD), and the 
subscript (1) indicates that the pullback acts in the first M-argument v(x). The L2 
trace of v* exp(-tD) is 
Tr v* exp( -tD) = J tr K(t, x,x) dvol(z). M 
Suppose further that the fixed-point set of 9 is a disjoint union 
M9=N1U...UN,. (1.12) 
of submanifolds, dim Nj = nj, and that the action of cp is nondegenerate: dp fixes 
no nonzero vector in the normal bundle of any Nj. (Nondegeneracy is automatic for 
isometries.) Then the L2 trace has an asymptotic expansion 
Tr p* exp(-tD) N k e t(2i-n3)/2e J, fij(x) dvolj(x), t 1 0. (1.13) 
j=l i=o 3 
Here the V;j are homogeneous invariants of the normal bundles of the Nj. The K/;:j 
depend, in a universal way, only on the dimensions nj and m, and on finite jets of q* 
and the symbol of D. Cl 
We have not been specific about the meaning of “homogeneous” above because 
our main concern is with natural (in the sense of (1.2)) D. For these, purely formal 
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considerations allow us to read off the homogeneity degrees of the Vii. Suppose that 
II is natural and scales according to D = Ae2!D under 9 = A2g (E = AnE, y = 
A+), 0 < A E IR. Th en it is immediate from (1.13) that 
Vij dvolj 
for fixed k. By the naturality of the K/;:j, the effects of the different Nj can be separated: 
J tJ;jdvolj = A”J -2i J fij dvolj. Nj Nj (1.14) 
Since A is constant, the effects of different CE E Nj can be separated: 
F = A-2+. 
$3 ‘3 ) 
using mj = A” J dvolj. Our goal in this section is to prove an infinitesimal analogue of 
(1.14)) replacing A by a smooth, positive function, in the case where D is conformally 
covariant : 
1.15. Theorem. Let D be as in (1.2)) (1.3)) and let cp be an isometry of M with 
fixed-point set as in (1.12). Consider an infinitesimal conformal factor w E C”(M) 
with 
‘p*w = w. (1.16) 
Then the analogue of (1.9) holds for the corresponding variation of (1.13): 
[Tr +ZJ* exp( -tD)]’ = -t . Tr cp*b exp(-tD). (1.17) 
If, in addition, D is conformaEly covariant (1.4)) the analogue of (1.10) holds: 
(1.18) 
j = l,...) r. In particular, for even nj, JN, V,j,z,j is invariant under q-invariant 
conformal changes TJ = (R2g, 0 < s2 E C”(M), cp’Q = 0. 
Proof. We first construct approximations to the heat kernel H(t, z, y) as in [12], work- 
ing with a symbol class for pseudo-differential operators depending on the external pa- 
rameter u E R. The next step (concentrating, for the moment, on a single fixed-point 
component N of dimension n) is to analyze the oscillatory integrals 
Jl ei(cp(z)-z).t-1/2’E t’dek(d+ t) da: 4 (1.19) 
near N, as in [28, Lemma 1.8.21, where cl; is infinitely smoothing and belongs to our 
symbol class. The u-derivatives of ek are uniformly infinitely smoothing for u in a 
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compact neighborhood of 0. Our immediate task is to show that both (1.19) and its 
u-derivative have small-time asymptotic expansions of the form 
Co 
c cstt4/2e 
s=o 
(The terms involving odd s will drop out later.) 
Recall the construction of the ek as in [28]: H(t,x, y) is approximated in Sobolev 
LE norm by finite sums c Hk(t, 2, y), for y near 2, in the sense that 
II H(t,x,Y) - ~ffk(kW) II < cNtN, o<t<1, k=O LW N (1.20) 
provided J = J(N) ’ 1 g is ar e enough. The Hk are related to the ek by 
ffk(t, 2, Y) = I dsmY).‘ek(t, 2, [) d[, 
where we work locally in M (in a coordinate chart on which our vector bundle V is 
trivial), and [ is the cotangent variable. We get the ek by applying the Cauchy integral 
formula to homogeneous terms in the symbol of an approximation to the resolvent 
(D - A)-‘, where X is a generic non-eigenvalue of D. If I? is a curve surrounding specD 
once, and TO + . . . + rj is our approximate resolvent symbol, 
To compute Tr v* exp(-tD), note that we can apply q~* in (1.20) to get 
where Kk(t, z, y) = qir)Hk(t, V(X), y). Using the homogeneity of the rk, we get 
K&,5,2) = t(k-m)/2e I p*ei(lp(z)-s).t-“2Q z e&‘(z), t> 4, (1.22) 
where ek(x, t) = %(I, x,1) is infinitely smoothing. Taking the trace of (1.22) (fiberwise 
and then L2), we obtain dkmm)lae times (1.19), which now carries all the asymptotic 
information for Tr q~* exp( -tD) as t 1 0. 
Now note that q* commutes with D, since v is an isometry and D is natural. (The 
isometric condition is, of course, v*g = g, and, if orientation and/or spin structure is 
involved, v*E = E, v*y = 7.) Indeed, since v*w = w, v is an isometry for all the 
metrics in our conformal family, so q* commutes with D. In addition, ‘p* commutes 
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with multiplication by w. Thus it is easy to follow the proof of the Ray-Singer formula 
(1.9) to get (1.17). 
Now suppose that D is conformally covariant. Then we have the infinitesimal form of 
(l.l), D = aDw - bwD. Thus as in [12], the infinitely smoothing character of exp(-tD) 
justifies the following use of the trace identities: 
[Trcp*exp(-tD)]’ = -t .Trv*(aDw - bwD)exp(-tD) 
= (b - a)t . Tr y*wD exp(-tD) 
= (u - b)t$ Tr y*w exp(-tD). 
Applying the last remark in [28, Section 1.81 to the zeroth order differential operator 
w, we have 
Tr v*w exp( -tD) N 2 t(2i-n)/2e / WV;:, 
i=o N 
t J, 0. (1.23) 
It is easy to justify term-by-term t-differentiation of (1.23) (the t-derivative has an 
asymptotic expansion a priori, applying the remark from [28] just cited to the differen- 
tial operator D instead of the multiplication operator w, and term-by-term integration 
is justified). Finally, we are also justified in differentiating (1.13) term by term in U, 
since the qualitative forms of the error estimates (1.21), and those corresponding to the 
asymptotic expansion of (1.19) as 
00 
c t(k+wwe p J 9, t L 0, q=o N 
remain the same after differentiation with respect to U. 
Here we worked only with one component of the fixed point set. Combining the 
contributions from all the components, we get 
co 
kc t(2i-nj)/2e (I )- Kj j=l ix0 N3 
w (u - b) 2 F (tg P--J~ WV& t j, 0; 
j=l i=O 3 
comparing terms, 
(1.24) 
follows for each fixed k, since by (1.4), a - b = -21. 
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To separate the effects of the various Nj on (1.24), we need to cut off the conformal 
factor w in a v-invariant manner. Pick E > 0 so that the Riemannian distance-squared 
between different Nj always exceeds E, and let 77 be a nonnegative function in C?(rW) 
which is 1 on (-CXJ,E/~) and 0 on (&/2,+co). Put 
wj(~) = q(dist2(x, Nj))w(z). 
Since cp is an isometry and Nj consists of fixed points, $wj = wj. The wj confor- 
ma1 variation produces the same (s,,, V&)* as the w variation, but produces zero for 
(JN,, Kjl), j’ # j, since the V;j, are locally determined. On the other hand, the w.j 
varration produces (nj - 2i)JNJ WV& on the right side in (1.24), so we get (1.18). q 
1.25. Remark. The argument above has content even for some natural differential 
operators which are not conformally covariant. For example, in the case of the ordinary 
Laplacian A on functions, 
A= m-2 mt2 m-2 FApw - :!wA - 2Aw, 
where pw is multiplication by w. This yields 
(J )- xj = (nj - ai) N3 J Ni WV;~ + F J (Aw)K+. N, 
In another direction, let D = PQ be a positive integral power of a conformally covariant 
operator P, and suppose that D (but not necessarily P) satisfies the analytic assump- 
tions (1.3). (I n g eneral D is not conformally covariant.) For example, we could take P 
to be the Dirac operator and D to be its square. Then 
3 = f: P’-‘(aPw - bwP)Pq-’ 
r=l 
for some (a, b) with q(b - a) = 2e = ordD, and the trace identities applied to the 
Ray-Singer formula (1.17) again yield (1.18). 
1.26. Remark. [16] g ives the V& for i = 0,l in some special cases. For Nj a surface, 
our conformal invariant JNJ I,~ V dvolj is not just the Euler characteristic, but a more 
refined invariant, involving curvature in the normal directions. 
2. Boundary value problems 
In many important applications, one is given an elliptic operator D together with 
prescribed boundary conditions B. We shall adopt the notion of (strong) ellipticity 
used in [28]. 
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2.1. Definition. Let M be a smooth, compact, Riemannian manifold of dimension 
m with smooth boundary dM, and let D be a formally self-adjoint, elliptic differential 
operator on M of order 2& D : C”“(V) + C”(V), with partial dijferential boundary 
conditions 
B : Coo(W) + C”“(W). 
Here V is a Hermitian vector bundle over M, W = Wa $ . - - $ Wze-1 is the bundle 
of Cauchy data (normal derivatives of orders 0 through 2C - 1; Wj E V\~M), and 
W’ is an auxiliary vector bundle over dM, 2(dim W’) = dim W, with a grading W’ = 
w; $ * * * $ Wie_l. Relative to the W and W’ gradings, the block entries of B must 
satisfy ord B;j < j - i. We define DB to be D restricted to those cp E C”“(V) for 
which Bq = 0 on dM. We say that the boundary value problem (D, B) is elliptic if 
the ordinary differential equation problem 
P 
( 
y, 0, (‘7 -+- f(r) = Xf (r), $%f(r) = 0, 
o(B)(y,C)f = f’ 
has a unique solution for each (0,O) # (C, A) E T*dM x (C \ R+). Here p is the 
leading symbol of D, (y,r) are local coordinates near dM with y = (y’, . . . y”-‘) local 
coordinates on dM, f’ is arbitrarily prescribed in W’, and a(B) is the graded leading 
symbol of B: in block form, relative to the W and W’ gradings, 
@)&Y,C) = 
d%j)(~, 0, ord B;, = j - i 
o 
7 ordB;j <j-i. 
(See [28, Section 1.91.) I n what follows we shall only consider elliptic boundary value 
problems in which D and B are geometrically defined operators as in (1.2). For purposes 
of future applications, we prefer to work with general, rather than just Dirichlet or 
Neumann, boundary conditions. This is motivated partly by Atiyah-Patodi-Singer and 
Atiyah-Bott index theorems for manifolds with boundary, in which the eta invariant for 
Dg enters, and partly by conformal considerations in some basic examples, where the 
appropriate B is apparently nonlocal. Specifically, [ll, equation (2.16)], and Definition 
2.2 and Theorem 2.4 below, suggest that when D is the ordinary Laplacian on functions 
in the ball Bm, the boundary operator should involve (A + (m - 2)“/4)‘/” on Sm-‘. 
2.2. Definition. Suppose D is conformally covariant of bidegree (a, b) as in (1.4) on 
the interior of M. Let C be the operator that assigns Cauchy data to smooth sections 
of V. We say that a boundary condition B is conformally compatible with D if, for 
some c E Iw, 
BC = R-“BCR” (2.3) 
whenever the metric on M is deformed, g = R2g, by a conformal factor R with van- 
ishing normal derivatives of order up to 21- 1 on dM. We say that w E C”(M) is 
radially stationary if the normal derivatives of w vanish to infinite order on 8M. 
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In the following, we would like to look at conformally covariant boundary value 
problems as in Definitions 2.1 and 2.2, follow the analysis of the asymptotics of the 
heat semigroup carried out in [57,58,29,30,28], and apply the conformal variation 
techniques of [12]. We shall omit arguments that are formally the same as those made 
in [la] and in Section 1 of the present paper, noting only that the construction of 
parametrices can be made uniform in the deformation parameter u, and that the same 
holds for u-derivatives. The relevant Sobolev classes this time live both on M and on 
dA4. The main result is: 
2.4. Theorem. Let (D,B) b e an elliptic boundary value problem of order 2C as in 
Definition 2.1, and assume that D has positive definite leading symbol. Then the trace 
of the heat semigroup has an asymptotic expansion 
Trexp(-tDB) 
03 co 
-c t(2i-m)/2f! Ihi+ t(j-m+l)p i=O J y, tL0 
(2.5) 
aM 
where Ui E C@(M) (resp. Vj E C”(BM)) is built zn a universal way from the sym- 
bol of D (resp. (D, B)). If D and B are natural (1.2), then U; and Vj are also. As 
functions of a conformal deformation parameter u (g = e2”“g) with radially stationary 
conformal factor w E C”(M), all terms in (2.5) are differentiable, and the asymptotic 
expansion digerentiates term by term. If (D, B) is conformally covariant in the sense 
of Definition. 2.2, then 
(J,My)*=(m-j-l)/ wvj, j=O,2,4 ,...: 
aM 
(J,QtJ,,h-1)’ (2.6) 
In particular, we get the following invariant of radially stationary conformal deforma- 
tion: 
c(D,WK~W~) = 
JM U,j2 t JaM J&-l, m even, 
JaM J&z-1 7 m odd. 
P-7) 
Proof. By the conformal compatibility assumption on D and B, we have a correspon- -- 
dence between the boundary value problems (D, B) and (D, B) which can best be 
expressed in terms of density bundles. All vector bundles F in our problem carry rep- 
resentations r of the structure group G = O(m), SO(m), Pin(m), or Spin(m). These 
can be extended to the group CG = R+ x G by the choice of a conformal weight 
w E R : T?‘(s, h) = Pa(h) f or s E R+, h E G. The resulting CG-bundle will be called 
F”; the F” for various w are naturally G-isomorphic (and the isomorphisms transmit 
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such structures as Hermitian forms and natural differential operators), but are different, 
in general, as CG-bundles. All quantities in (2.6) are additive with respect to direct 
sums of bundles, so we may assume that V is a G-irreducible tensor-spinor bundle. As 
such it carries a definite conformal weight w. By changing w, we can arrange for (1.4) 
and (2.3) to become 
B = WbD, Bc = R”-“BC, 
without changing any of quantities in (2.6). In other words, we may assume that a = 0 
in (1.4) and (2.3). Then BCp = 0 a BCQS = 0, so that nB = R-2eD~. 
The standard sort of estimates and an integration by parts as in [la, Proposition 
3.51 then give a Ray-Singer formula 
(TrL2 exp(-tDB))* = -tTrLz(DB)‘exp(--tDg); 
which by the above becomes 
(TrLZ exp( -tDB))* = 2& TrLz WDB exp(-tDB) 
= -2li-$ TrLz w exp( -tDB). 
(24 
To make use of this, we need an asymptotic expansion of TrL2 w exp( -tDB) in inte- 
grals of interior and boundary invariants. Now the construction of the U; proceeds just 
as in the boundariless case [57,58]; in particular, U;[wexp(-~DB)] = wU;lexp(--tDg)]. 
The Vj come from an asymptotic expansion good near the boundary, and involve an 
integration over a radial parameter. To get Vj[wexp(-~DB)] = wVj[exp(-tDg)], that 
is, to avoid introducing further invariants based on a Taylor expansion of w in the radial 
direction, it is enough to have w radially stationary. (In fact, for given j, it is enough 
to have a j-dependent finite number of radial derivatives vanish. The situation is much 
like that of [58, last remark of Section 21, where care is taken to choose a radially 
stationary cutoff function.) We now get from (2.8) to (2.6) just as in the boundariless 
case. Cl 
2.9. Remark. We call the numbers in (2.7) conformal indices of (M,aM,g). As 
results in the spectral theory of differential operators, (2.6) and (2.7) give indirect in- 
formation on how the eigenvalues Xk of (D, B) h c an g e with the conformal parameter U, 
since Trexp(-tDB) = C eetXk. (See also [la, Section 4e] and Section 5a of the present 
paper.) The condition that D and B be partial differential operators can undoubtedly 
be relaxed to include, for example, the problem on the m-ball B” mentioned at the 
beginning of this section. 
3. Functional determinants and the eta invariant 
In this section, we first return to the setting and notation of Section 1; in particular, 
we consider manifolds without boundary to define the zeta and eta functions. These are 
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commonly employed in the functional calculus of elliptic operators, and they were a key 
tool in other studies of anomalies (see, e.g., [17,52,54]). Invariance arguments in the 
literature which involve the zeta and eta functions usually contain a step in which the 
operations of u-differentiation and analytic continuation are implicitly interchanged. 
The proper justification of this step is not just a matter of uniqueness of the analytic 
continuation, but inexorably leads to the hard-analytic estimation problems treated in 
[la, Section 31. This is noted in [4, Section 21, where it is pointed out that such problems 
can be approached using a modified, parameter-dependent version of Seeley’s estimates 
for the zeta function [56]. 
Let D be as in (1.3), and assume for the moment that D has nonnegative spectrum. 
Let q denote the multiplicity of zero as an eigenvalue of D. For Res large, define 
(3.1) 
k=q 
This can also be written 
1 O3 
c(S) = r(s) e -J 
P’-r{ -q + Tr exp( --to)} dt. (3.2) 
The asymptotic formula (1.7) now leads to a meromorphic extension of C(s) with finite 
c(O), and with simple poles possible only at the points of 
P \ (P n (0, -1, -2,. . .}), where P= {y Ii=O,1,2 ,... }. 
Indeed, the formula 
+ 1’ ts-‘o (tZLN::)-“‘) dt + lrn t”-lCe-txkdt 
(3.3) 
, 
where O(t(2(N+1)-“)/2e) d enotes the error term in the original asymptotic expansion, 
shows that C(s) has the stated properties. 
We can extend our definition to the case in which D has some negative spectrum 
by setting <[D](2s) = <[D2](s). This definition is consistent with our old one, and 
allows us to handle, for example, the Yamabe operator on manifolds with negative 
scalar curvature. The question of what happens to local information like U,/, upon 
passage from D to D2 has been taken care of in [20]; a special case of the results 
there is that Umi2[D2] = U,,z[D]. ([27] has th e weaker result that the s U,,, agree.) 
If D is conformally covariant (1.4), our conformal index is just C(O) + q when m is 
even (and zero when m is odd). This was the basic approach to the conformal index of 
the Yamabe operator A + (m - 2)K/4(m - 1) (K = scalar curvature) used in [17,52] 
(see also [34]). Th e error term is the crucial consideration in any rigorous treatment of 
conformal variation: one must show that it remains an error term upon differentiation 
by U, where as usual 3 = e2uw g. The main technical estimate in [la] may be stated as: 
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3.4. Proposition. As a function of u, the error term 0(t(2(N+1)-“)/2e) in (3.3) is 
diflerentiuble, and 0(t(2(N+‘)-“)/2e)* G 01(t(2(N+1)-“)/2e) is again a71 error term of 
the same order, this time for the term-by- term derivative of (1.7). 
In what follows, we shall sometimes suppress the dependence of C,(s) on the conformal 
parameter U. We denote the (complex) s-derivative by a prime. 
3.5. Definition. The functional determinant of a differential operator D satisfying 
(1.3) is det D = (-l)pe-C’(O), where p is the number of negative eigenvulues. 
It turns out that when zero is not an eigenvalue of D, the conformal variation of the 
determinant can be given just in terms of U,,,; when N(D) # 0, one also needs to 
know the null space explicitly (Remark 3.10 below). 
3.6. Theorem. Suppose D is a conformal covuriunt satisfying (1.2)-(1.4), and let 
(M, g) be a compact Riemunniun manifold on which N( 0) vanishes. (D is allowed to 
have negative eigenvulues.) Then c’(O) is u-diflerentiuble, and 
(“(0)’ = 2e 
J 
wu+ 
M (/+12) (detD), (det 0)’ = -2& 
where U,/, (from (1.7)) is zero for m odd. In particular, the determinant is confor- 
mally invariant for odd m; for even m, a metric is critical for c’(O) under volume- 
preserving (s w = 0) conformal changes if and only if U,,, is constant. 
Proof. First we assume that D has positive spectrum. To calculate C’(s)., which is 
meromorphic by Proposition 3.4, we first take Res large: 
1 
C’(s)* = r(s) o 
J 
m(logt)ts-l(Trexp(-tD))adt 
1 loo 
+ I’(s) (-1 J F1(Trexp(-tD))‘dt, 0 
(3.7) 
BY (leg), (1.4), and the infinitesimal form (0.2) of (l.l), 
(Trexp(-tD))’ = -2Yt$ Tr(wexp(-tD)). (3.8) 
(See [12, proof of Theorem 3.6 and Section 4d].) Th us integration by parts in (3.7) for 
large Re s gives 
2e 
C’(s)* = r(s) o J O”(l + s(logt))tS-l(Trwexp(-tD))dt 
(3.9) 
+ (&)‘lWsts-‘(Trwexp(-tD))dt. 
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Analytically continuing (3.9), the first integral on the right contributes nothing at s = 0, 
since 
J 
1 
ts-‘dt = s-1, 
0 J 
l(log t)t”-% = -s-2. 
0 
To evaluate the second integral on the right in (3.9), we construct the zeta function 
associated with the pair (w, 0) as in [28, remark after Lemma 1.10.11: 
1 * 
+?4~) = qq o 
I 
ts-’ Tr(w exp( -to)) dt. 
Since the operator w exp( -tD) has kernel function w(z)H(t, 2, y), where H is the kernel 
of exp(-tD), (3.8) becomes 
C’(O)’ = 24(O,w,D) = 2f! 
I M 
wu,,2. 
If D has some negative eigenvalues, the result for D2 together with the result of [20] 
that um/~[~21 = u+[~l g ives the formula for the variation of c’(O). For the variation 
of the determinant, we need to note in addition that the number of negative eigenvalues 
is a conformal invariant, by, e.g., [7, Proposition 11. 0 
3.10. Remark. The effect of dimN(D) = q > 0 on the proof of Theorem 3.6 is as 
follows. Since q is conformally invariant, (3.7) is still correct. (3.8) is correct, and its 
right side can also be written 
-2C-& Tr(w{exp(-tD) - P}), P = ProjM(,). 
If we replace the traces in (3.9) with the trace from this expression, the integrals will 
converge and the JrW parts will be negligible. The kernel function of w{exp( -tD) - P} 
will be H(t, z, y) - C~-‘~,(z) @ vi(y), where 
kc0 
is the kernel of exp(-tD), {pk} being an orthonormal basis of eigensections. The 
conclusion is that 
Negative eigenvalues can be handled as before, since N(D2) = N(D). Thus an explicit 
knowledge of the null space is needed for an understanding of the conformal behavior 
of the determinant. But this is something we often have, for example, in the case 
of the two-dimensional Laplacian, or the higher-dimensional Yamabe operator on a 
conformally flat torus. 
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3.11. Remark. It is also possible to use the methods of this section to calculate 
the conformal variation of the functional determinant of the ordinary Laplacian A on 
functions, which is not conformally covariant. The only nonpositive eigenvalue of A is 
zero, with multiplicity one. Because of the extra term t(m - 2)t Tr(Aw) exp(-tD) in 
(Trexp(-tD))* ( recall Remark 1.25 or see [12, Section 4a]), we get extra terms on the 
right in (3.9) ( as corrected in Remark 3.10 for the presence of the zero mode): 
C’(s)- = $$ J 03(1 + s(logt))F’(Trw(exp(-tA) - P))dt 
0 
Since 
Gw SF1 (Tr w(exp( -tA) - P)) dt 0
m-2 1 
+2qij 0 J 
03(10gt)tS(Tr (Aw)(exp(-tA) - P)) dt 
P(Tr(Aw)(exp(-tA) - P)) dt. 
1 
F(F)= I(s”t I)’ (F&J’= s (,,s: I))‘+ $t 1)’ 
(3.12) 
(3.12) gives 
c’(o)* = 2l((O,qA) t F(s<(s t1, Au, A))‘ls=o 
= 21 
/ 
477742 - (volg)-ll+ 
M 
F(sC(s+ WqA>>'ls=o, 
where for f E C”(M), 
1 
<(s, f, A) = ro o 
J 
O3 P-l Tr(f(exp(-tA) - P)) dt. 
The extra term in the formula for C’(O). is a “secondary” invariant which bears roughly 
the same relation to J(Aw)U(,_~),~ as c’(O) does to s U,/,. 
3.13. Remark. If, as in Remark 1.25, we let D = PQ be a positive integral power 
of a conformally covariant operator P, and we suppose that D satisfies the analytic 
assumptions (1.3), we still have the crucial identity (3.8) (see [13, proof of Theorem 5.11, 
and thus the conclusion of Theorem 3.6 holds (as amended in Remark 3.10 in case 
n/(O) = n/(P) # 0). In particular, we have this conclusion for the square of the Dirac 
operator. 
We would now like to dispense with the condition that the leading symbol of D 
be positive definite. Suppose that D is an elliptic, formally self-adjoint differential 
operator of order e on a vector bundle E over our compact, m-dimensional, boundariless, 
Riemannian manifold (M,g). In particular, D has discrete real eigenvalue spectrum 
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{bulk E N, w d enoting the natural numbers, where ]Xk] 1‘ +oo as k j’ too. For Res 
large, we define the eta function by 
T(S) = ~(s, 0) = Tr D(D2)-(“+1)/2 
= 
C( signXk)]&]-s = [((s •t 1)/2, D, D2). 
Akf” 
Again, this is most conveniently discussed via the heat operator: 
rl(s) = l 
( > J St1 n 
O” tq(TrDexp(-tD2))dt. 
r- 
2 
(3.14) 
The L2 trace just introduced has an asymptotic expansion 
Tr D exp(-tD2) N 2 t(2i-m)12e V. 
J 
I, t L 0, (3.15) 
k-[e/2] M 
where the Vi are local scalar invariants in the jets of the total symbol of D (see [28, 
Lemma 1.7.71 and [13, Proposition l.lb]). Just as for the zeta function, this shows that 
the eta function has a meromorphic extension to @, the only possible singularities being 
simple poles at the points of 
P\(Pn(-l-2W), where P= m-ii-’ IiE-[f/2]tW}. 
{ 
If m - ! is even, then there is a possibility of a pole at s = 0. It is a deep fact [28, 
Theorem 4.3.81 that q( s is nevertheless regular at s = 0; the eta invariant is defined ) 
to be q(O). 
Indeed, by (3.14) and (3.15), if E is a small fixed positive number and N is a large 
fixed integer, 
t J O”(TrDexp(-tD2))tFdt d 
co 
1 CC s-l-1 2i - m -’ i=-[e/2] 2+2& > 
#+Z$E J K M 
(3.16) 
J 
E 
t 00 dN’)t+ & + 
J 
03(Tr D exp(-tD2)tqdt, 
0 E 
where q(N) = (2(N + 1) - m)/2!. Th’ g’ 1s Ives the desired meromorphic extension, and 
shows that the assertion that ~(0) is finite is equivalent to 
J v&=0. 2 (3.17) 
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3.18. Theorem. Suppose D is as above, is natural (1.2), and is conformally covariant 
(1.4). Then q(O,D) is a conformal invariant if m - I is odd. If m - l is even, the 
conformal variation of the eta invariant is 
so that in this case, a metric is critical for q(O, D) under volume-preserving conformal 
changes if and only if V(,_~)J~ is constant. 
Proof. We apply our previous analytic techniques: the error term in (3.16) is again 
an error term of the same order. Arguing just as in [la, Proposition 3.51, we get a 
Ray-Singer type formula 
(TrDexp(-tD2))’ = Trbexp(-tD2) - 2tTrbD2exp(-tD2) 
= -fA (1+2t-$ TrwDexp(-tD2), 
since b = aDw - bwD with b - a = fZ. Thus the conformal variations of the J V; are 
(J K)‘=(m-2i-l)J wT/;:. (3.19) 
M M 
Using this and (3.17) to take the variation of (3.16) at s = 0, we get 
I?( $(O). = -2& 
( iE&+;“i /Mw’) + 1” (tq(N)-f) dt (3.20) 
-1 J w(TrwD exp(-tD2))t-i dt E 
- 2e J O” d E t--(TrwD exp(-tD2))t-fdt. 
fV0: Fy3 t&y “dy’“d&“r;;rn is 0 (Eq(N)+f), again of high order. Now integrate the last 
2 J O” Id E t5 dt(TrWDexp(-tD2)) dt 
= 2t$ TrwDexp(-tD2) 1,” - 
I 
mt-fr(TrwDexp(-tD2))dt 
E 
= 
k-p/2] 
,(~+2+)/2~ J, wv; + 0 (&‘9++) 
- Jrn t-i(TroDexp(-tD2))dt. E 
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This makes most terms in (3.20) cancel, so that finally, 
r($(o)- = O(Eq(N)++) + { ;; JMWV m - I! odd, 
5, 
_~ 
m - e even. 
2 
Letting E tend to zero, we have the result. 0 
One could say that the eta invariant is a conformal “primitive” for the “missing 
variation” IuV(,,_~J,~ in (3.19)) just as the functional determinant is a conformal 
primitive for the missing variation 5 wU,iZ in (1.10). Th e above argument is essentially 
that of S. Rosenberg [54], who first had the idea that the eta invariant of a conformally 
covariant differential operator might have special conformal properties. See also [54] 
for more results on determinants of nonpositive operators. It is known that when m - f? 
is odd, the residue class of q(O) in Iw/2Z is a homotopy invariant [28, Lemma 1.10.3b], 
though q(O) itself may experience even integer “jumps” as eigenvalues cross the origin. 
The above result can therefore be interpreted as saying that 0 is a “conformal barrier” 
for the spectrum of a conformal covariant D; that is, that deformation of the operator 
within a conformal class cannot move eigenvalues across the origin. 
Aside from the case in which m - e is odd, there are other situations in which 
Theorem 3.18 forces q(O) to be conformally invariant. First, (3.17) says that V(,_e),z 
is a universal exact divergence; but at low homogeneity, these are in short supply. 
Specifically, if m = 2, V(,_~J/~ is of the same homogeneity as the scalar curvature Ii, 
and thus vanishes, so that q(O) is a conformal invariant. If m = 4, V(,_~J,~ is a constant 
multiple of AK; if m = 6, the possible V(,_.~J/~ live in a seven-dimensional space. If D 
has positive definite leading symbol, then V(,_e),z = 0 by [20, Theorem 2.41. 
Of course, the above results can be extended to the situation where dM is nonempty. 
This extension is of considerable interest in connection with recent studies of determi- 
nants [2,51], and, as mentioned in Section 2, with index theorems involving the eta 
invariant. We omit the (by now routine) proof of the following. 
3.21. Theorem. Suppose that (D,B) is an elliptic boundary value problem of order 
21 as in Theorem 2.1, conformally covariant in the sense of Definition 2.2, and sup 
pose that Dg has positive spectrum. Then the conformal variation of the functional 
determinant det DB in the direction given by a radially stationary conformal factor w 
is 
(det DB)’ = -2L (JM-li-/2 + iMwV,,-l) det DB, 
where U,,, = 0 if m is odd. 
One would anticipate using results of this type to prove that the determinant is 
maximized or minimized only in very uniform geometries. 
4. Lorentz and CR invariants 
As described in our previous work [13, Section 71, there is a natural process of analytic 
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continuation in the signature of the metric, under which integrals of local invariants 
retain some of their metric variational properties. 
By way of example, let M be an oriented, compact manifold and g a pseudo- 
Riemannian metric on M. Denote by Pff(g) the Pfaffian of g, that is, the m-form 
integrand in the Chern-Gauss-Bonnet Theorem for M. Then 
J pfw = X(M), M 
the Euler characteristic of M, even if g is not positive definite. Of course, this is 
known [31,23], but let us indicate a proof, since it illustrates our approach to pseudo- 
Riemannian invariants. Arguments like this one are often used implicitly by physicists. 
Choose a Riemannian metric go on M, and consider the one-parameter family g(s) = 
y(s)g + (1 - )s f s 0 o complex metrics, 0 < s < 1, where y(s) is a curve in c with 
Y(0) = 0, Y(l) = 1, and Imr(s) > 0 for 0 < s < 1. Then g(s) is nondegenerate 
for all s, and it makes sense to form the Pfaffians Pff(s) = Pff(g(s)), using the same 
universal polynomials in derivatives of the g;j and g ‘j, and the orientation. (The given 
orientation provides an orientation for the complexified tangent bundle, and SO(n) c 
SO(n,C) have the same homotopy groups.) But the transgression formula [15] says 
that Pff’(s) = d(T(g(s))), h w ere T is an (m - 1)-form built in a universal way from 
the same ingredients as the Pfaffian; thus if I(s) = sMPff(s), I’(s) = 0, so that 
1(l) = I(0) = X(M). 
Among other things, this tells us something about wave propagation in compact, 
oriented Lorentz manifolds M. Recall [35, p. 401 that a compact manifold admits a 
Lorentz metric if and only if its Euler characteristic vanishes. But the Lorentz Pfaffian 
can be calculated using the natural wave equation on M. Indeed, suppose that m 2 4 
is even, and let D = d + 6 : Aeven + Aodd, where 6 is the Lorentz formal adjoint of d; 
when restricted to the p-forms, the (hyperbolic) d’Alembert operator Cl, is either D*D 
or DD*, depending on the parity of p. Suppose that M is locally hyperbolic. Then 
as constructed in [33,21], the local advanced fundamental solution ET of Cl, has an 
asymptotic expansion 
where I = I’(z, y) is the geodesic distance squared, H+ is the Heaviside function, and 
m = 2n+2. (See especially [al, Theorem 6.2.11.) The U;“(Z, y) are calculated recursively 
using the transport equations, ordinary differential equations in the geodesic distance 
parameter. If one is only interested in the fiberwise traces tr U:(Z, Z) of the diagonal 
values, it is enough to calculate an i-dependent finite number of Taylor polynomials, 
in normal coordinates, for the U~(X:, y) ( viewed as a function of x for fixed y). The 
Taylor coefficients for UOp(x, y) are universal tensor-valued invariant polynomials in the 
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ingredients above, and this property is transmitted by the recursion. Of course, the 
same situation obtains for the heat equation invariants of the deRham complex on a 
Riemannian manifold, and comparison of the transport systems involved ([al, equation 
(6.2.5)] and [12, p. 2871) h s ows that if we use the normalization 
Tr exp( -tA,) N (4~t)-~/~ 5 tiUr, tJ0 
i=o 
(different from that in (O.l)), th en our wave equation invariant tr U;P(X, Z) is given by 
a universal polynomial which is (-4)-; times the one which gives the heat equation 
invariant U/. Thus the Euler characteristic 
0 = x(M) = (-K)-“/” g(-l)pJM tr UL,2(2, X) dvol(z) 
p=o 
is a global average of local wave propagative data: 
4.2. Theorem. On a compact, oriented Lorentz manifold of even dimension m > 4, 
the wave equation invariants of (4.1) satisfy 
(-l)P tr Uz,2(z, x) dvol(s) = 0. 
It would be interesting to make precise the sense in which we have measured the 
“difference of infinities” dimN(D*D) - dim N(DD*); perhaps by measuring the di- 
mension of a virtual vector bundle N(D*D) 8 N(DD*) over the manifold of metrics 
on M. 
Another application of analytic continuation in signature was given in [13, Theo- 
rem 7.51, where the Fefferman bundle construction was used to produce invariants of 
CR manifolds N, or CR indices. The idea is that the Fefferman bundle carries a natural 
pseudo-Riemannian conformal structure of some mixed signature (p, q); in the strictly 
pseudoconvex case, we get the Lorentz signature (m - l,l). Invariants of this conformal 
structure are invariants of the CR structure of N. But when a Riemannian conformal 
invariant is the integral of a local formula, analytic continuation in signature produces 
pseudo-Riemannian conformal invariants in all signatures, and thus CR invariants. 
In [39], it is strongly suggested that conformally invariant objects associated to the 
Yamabe operator Cl + (m - 2)11/4( m - 1) on the Fefferman bundle A4, Ir’ = scalar 
curvature, should be in explicit one-to-one correspondence with CR invariant objects 
arising from the modified sub-Laplacian Lb = Ab+nS/m, where S is the Webster scalar 
curvature [63], 2n + 1 is the dimension of our CR manifold N, and again m = 2n + 2. 
This naturally leads to the question of how we might realize our CR invariant JIM U,,, 
via an intrinsic CR heat equation construction. 
The CR heat equation, and the larger subject of heat equations based on sub-elliptic 
operators, has been the subject of much recent work [6,18,41,55,59]. In the case of a 
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compact, strictly pseudoconvex CR manifold, for natural differential operators L with 
leading term &, one has an asymptotic expansion fully analogous to that in the elliptic 
case: 
a.7 ^ 
Trexp(-tL) N t -n-l 
where the 1!7%& are universal local invariants built from the CR structure, which also 
induces a natural smooth measure. Since the Yamabe operator pushes forward under 
the projection r : A4 + N to twice the modified sub-Laplacian Lb [40, Section 31, the 
following is a natural guess. 
4.3. Conjecture. With notation and assumptions as above, in the strictly pseudo- 
convex case, 
p&-l 
J 
up = (-4)%, U;, 
N J M 
where a, is a universal constant depending only on the dimension n, and the U; are 
the scalar invariants of the conformal d’Alembertian in the Fefferman bundle Lorentz 
structure. 
4.4. Remark. Along the same lines, one might offer the weaker conjecture that the 
coefficients in the asymptotic expansion of Tr exp(-&), 
Tr exp( -&) N t-+’ 
(see [6]) have variations 
(I > u; .=2(n+l-i) J wu; N N 
under one-parameter conformal changes 8 = e 2uw0 of the CR contact one-form 8. Our 
CR index would then be s Un+l. It should be possible to produce a proof based on the 
CR-covariance of Lb [40, %XtiOn 31: 
With the appropriate general parametrix machinery in place, it would be interesting 
to look for other CR-covariant operators and the CR indices they produce. There are 
corresponding opportunities in the area of group representations: consider, for example, 
the group G = SU(n,l), with symmetric space G/K biholomorphic to the unit ball 
B in C”. The boundary of B is S2+r = G/P for P a parabolic subgroup of G. G/P 
is the Cayley transform of the Heisenberg group, and thereby carries a natural CR 
structure. Since G acts on G/P by CR transformations, the CR-covariance of Lb makes 
it an intertwining operator for two principal series representations of G. This is a CR 
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analogue of a well-known Riemannian situation: the realization of the sphere .S’“-l as 
the quotient of its conformal group SO(n, 1) by a maximal parabolic. For more general 
G, we expect differential operator invariants of G-structure to specialize to intertwining 
differential operators acting in natural vector bundles over G/P, P parabolic. 
We close this section by stressing the remarkable (and insufficiently exploited) con- 
nections among the local invariants generated by (1) the heat semigroup exp(-tD) and 
its trace for D an elliptic, conformally covariant differential operator naturally associ- 
ated to Riemannian geometry; (2) the Green’s function for D as given by the Hadamard 
construction; (3) the hyperbolic version of D, computed in a Lorentz metric; and, at 
least conjecturally, (4) th e sub-elliptic version of D, i.e., the associated CR-covariant 
operator. One passes from (1) to (2) by the kernel transform 
from (2) to (3) by analytic continuation in signature, and from (3) to (4) by the 
Fefferman bundle construction. It would be interesting to know whether the information 
carried by the Schrodinger equation is also essentially the same. 
5. Further results and problems 
We conclude this paper with several remarks on topics for further research, all con- 
nected with conformal geometry and global invariants. Of course this list is far from 
complete, but we believe it indicates some of the more important and relevant mathe- 
matical and physical directions. 
5a. Conformal variation of the eigenvalues. Many calculations in the Physics 
literature start with the assumption that each eigenvalue of a given elliptic operator is 
a smooth or analytic function of, for example, a metric deformation parameter. Though 
the situation is really much more complicated than this, these calculations often reveal 
what “should be true”; showing the way to an “indirect” proof which uses only coarse 
averages of the eigenvalues like indices (anomalies) and determinants. At the same 
time, there is evidence that the eigenvalue approach can be made precise in certain 
problems. Indeed, it is generally believed, and has been established in special cases [62], 
that eigenvalues of elliptic operators (say formally self-adjoint, with positive definite 
leading symbol) on SO(m)- or Spin(m)-irreducible bundles are generically simple. Since 
many of the quantities dealt with in index/anomaly theory are universal expressions, 
i.e. functors on some category of manifolds with G-structure, the generic case may 
be all that one needs. In another direction, it is sometimes possible to show that 
finite “packets” of eigenvalues, like the negative modes of a conformal covariant as 
mentioned in Remark 3.10, make a trace contribution that is analytic in the relevant 
deformation parameter. In the following discussion, we shall pretend that all eigenvalues 
vary smoothly, with the hope that this thinking can eventually be made precise. 
Suppose D is as in (1.2)(1.4), and view the eigenvalues Aj of D as smooth functions 
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of the conformal deformation parameter u (notation as in Section 1). Then 
= -t C ijc-txi, t I 0. 
j 
Since the effect of uniform dilation is entirely predictable, we may normalize and con- 
sider only volume-preserving deformations: SW = 0. The scalar curvature Ir’ is the only 
local scalar invariant at level 2, so 
for some constant A. If A and JwK are nonzero and uj = -jj 2 0 for all but finitely 
many j, then by the Tauberian theorem, 
where p = 1 - (2 - m)/2& and H+ is the Heaviside function. This says that if we count 
the eigenvalues X < n and weight with ,$ we get a substantial number, the growth 
of which is exactly controlled by A, j I w i, and /?. Note that if A4 is locally flat (so 
that all local scalar invariants vanish), then o(u) grows slower than any negative power 
of w; the eigenvalues of these spaces would thus appear to be especially stable under 
conformal perturbation (provided our assumptions are compatible with local flatness). 
Of course, we could also treat the case where almost all Xj > 0, but the case in which 
an infinite number of eigenvalues move in each direction seems much more complicated. 
In either of the “definite” cases, however, (5.1) implies that there are infinitely many 
eigenvalues X with X # 0; already this seems to be a conclusion which would otherwise 
be hard to reach. 
5b. Finite volume indices. There has been much recent interest in index theorems 
over noncompact Riemannian manifolds with finite volume (see, e.g., [SO]). One would 
hope that, after technical modifications, our results would survive in some form in this 
setting. Consider an elliptic operator D as in (1.2)-(1.4), and take the trace of the 
corresponding heat operator over the discrete spectrum (bound states) of D: 
Trdexp( -tD) = xemtXk. 
k 
Does this admit an asymptotic expansion for small t as in the compact case, and is 
the to term a conformal invariant? For the continuous spectrum, one would like to 
treat the scattering problem and identify the phase of the scattering matrix with an 
eta invariant, again (conjecturally) a quantity with predictable conformal variational 
properties. This would be of considerable interest in the study of locally symmetric 
spaces I’\G/K built from arithmetic subgroups I of semisimple Lie groups G. 
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5c. Covariant operators in other categories. In the category of CR manifolds, 
we outlined an approach to the index theory of the CR Laplacian Lb on functions in 
Section 4. Presumably, Lb is only the simplest in a series of CR-covariant operators of 
the form 
on the boundary Dolbeault complex. Here (II and /3 are constants, and 2 is a zeroth- 
order operator given naturally in terms of the Webster Ricci curvature tensor [63,44]. 
Note also the possibility of studying covariant subelliptic operators in general: for a 
large class of such operators L (including those which are locally “sums of squares of 
vector fields” in the sense of Hiirmander [38]), 
Trexp(-tL) N xc,tma(logt)n” + x&tpa, t I 0, (5.2) 
Q cy 
where mcu and pa are sequences of rational numbers tending to +co and the na are 
nonnegative integers [68]. (5.2) is p roved in [68] for the case in which L is formally 
self-adjoint, and locally of the form 
2x: t x0 t c(x), 
i=l 
where Xe,Xr,. . .X, are real-analytic vector fields, the commutators of which, up to 
some fixed order, span the tangent space at each point. It would be natural to combine 
the study of such asymptotic expansions with a study of invariants of sub-Riemannian 
structure (see [Sl]). W e would conjecture that the constant term in (5.2) is again 
invariant under the appropriate variation for L covariant in the appropriate sense. 
Analogously, the category of complex Hermitian manifolds should be studied from 
the viewpoint of the conformal variation of operators built from a and a*, and from the 
curvature operator on (p, q)-forms [25]. Finally, let us mention the category of Toeplitz 
operators [32], f or which many techniques from the theory of pseudo-differential oper- 
ators are still available; there are candidates for covariant Toeplitz operators, as well 
as possible connections to the study of complex projective varieties. 
5d. Gradients and Dirac operators. In [50,14], a study was begun of local and 
global invariants of certain non-elliptic operators already present in Riemannian geom- 
etry. Though these operators are not subelliptic, it is possible to get something like 
heat operator trace asymptotics, and some of the characteristics of the expansion (5.2) 
(terms in log t) appear. The operators in question are of ,the form S’S*, where S is a 
first-order conformally covariant differential operator, and S*S is elliptic. For example 
[50], S might be the AhEfors operator 
SX = Lxg - i(divX)g 
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carrying vector fields X to trace-free symmetric two-tensors, Lx denoting the Lie 
derivative. The Ahlfors Luplacian S*S is elliptic, and its null space (like that of S) 
consists exactly of the conformal Killing vector fields. The heat semigroup exp(-tS*S) 
provides one-parameter families of quasiconformal transformations with possible ap- 
plications in rigidity theory [50]. I n an even more elementary example, S is just the 
exterior derivative d carrying functions to one-forms. In the general case, one starts with 
a natural vector bundle E with structure group G = O(m), SO(m), Pin(m), or Spin(m). 
The covariant derivative V carries sections of E to sections of F = T* @ E, where T* 
is the cotangent bundle. Splitting F into G-irreducible bundles F = Fl $ ’ - - $ F, with 
corresponding projections PI, . . . , Pr, we get the gradients (or Diruc operators if spin 
structure is involved) PjV : C”(E) + C”“( Fj). These operators and complexes built 
from them (see, e.g., [22]) connect very naturally with the conformal geometry of the 
manifold; in fact, all first-order conformal covariants arise in this way [19]. Since the 
definition of gradients and Dirac operators is insensitive to the metric signature (the 
finite-dimensional representation theory of, for example, O(p,q) is “the same” as that 
of O(p + q)), we have analogues for Lorentz manifolds. We believe that “nonstandard” 
gradients and Dirac operators (those outside the well-studied deRham and Dirac com- 
plexes; even the “third gradient” from the k-forms, the first two being d and 6) deserve 
more attention in connection with conformal geometry, and with eigenvalue estimates 
in Riemannian geometry. 
5e. Pseudoconvex domains in C”. As noted in Section 4, there are close con- 
nections between the conformal geometry of Lorentz manifolds and the holomorphic 
structure of strictly pseudoconvex domains in Cn. The hope is that the local and global 
invariant theory of Lorentz conformal geometry, approached from the point of view of 
the present paper, will have applications to the biholomorphic classification problem 
for such domains [5]. Specifically, let K(z, w) be the Bergmann kernel for a strictly 
pseudoconvex domain Q C KY, and let E(x:, y) be the fundamental solution of the con- 
formal wave equation on the Fefferman bundle N = S’ x 80. The asymptotic behavior 
of Ir’ near the diagonal and near the boundary dR contains important information in- 
variantly associated with 0. The question is: What is the connection between Ir’ and 
E, and between their asymptotic expansions? 
5f. Conservation laws. In the problem of deciding which smooth functions on a 
given manifold can occur as the scalar curvature K of some Riemannian metric g, the 
following fact [8] is important: 
s 
X.Kdvol=O (5.3) 
M 
whenever X is a conformal Killing vector field. We can show that (5.3) actually holds 
with any of the local scalar invariants associated to a conformally covariant differential 
operator in place of li’. 
5.4. Theorem. Let (M,g) be us in Section 1, let D be us in (1.2)-(1.4), and let the 
Ui be the local scalar invariants of (1.6) associated to D. Then if X is a conformal 
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h’illing vector field on (M, g), 
J X * Ui dvol = 0 M 
fori=O,l,.... 
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(5.5) 
Proof. Let w be the conformal factor associated with X, Lxg = 2wg, and let {h, 1 
1’1~1 < E} be th e one-parameter group of (possibly local) diffeomorphisms generated by 
X; then htg = 
dfi2, 
du 
We shall again 
= w. (5.6) u=o 
denote the u-derivative at u = 0 by a dot; though it need not be true 
that 0, = eUw, only the first variation (5.6) will enter below. The Riemann curvature 
tensor for g is just the pullback of that for g [42]: li = h;R, where R is viewed as a 
(i) tensor (g is not used to raise or lower any indices), and v* is the natural pullback 
of tensors by a diffeomorphism 9, acting as d(cp-‘) on the contravariant part and as 
y* on the covariant part. (Just adapt [36, p. 901, which treats the push-forward.) By 
naturality, the same is true of an iterated covariant derivative V - -. VR of the Riemann 
tensor or a contraction of such, viewed as a (k) or (&) tensor for some L (h, is an 
isometry from (M,g) to (M,g)). By Weyl’s invariant theory, all local scalar invariants 
are built polynomially from such tensors, together with the metric tensor g and its 
inverse gfl, using tensor product and contraction. The level of a local scalar invariant, 
2i for Ui by (1.8), 1 c early measures twice the difference between the number of gd and 
the number of g used in a given monomial term, so that h:Ui = s2,2iUi, and 
U; = -2iWU; + X ’ U;. 
On the other hand, the one-parameter family of metrics g has variation g = 2wg, so 
by (1 .lO) and (dvol). = mw dvol, 
(m - 2i) J, wUi dvol = (J, Ui dvol) * = J, CJi dvol + m J WUi dvol 
M 
ZZ J X . Ui dvol + (m - 2i) J wUi dvol, M M 
from which we conclude (5.5). Cl 
5.7. Remark. Note that the only consequence of conformal covariance that entered 
in the proof of the theorem was (l.lO), which we also have for a power D = PQ of a 
conformal covariant when D meets the analytic requirements (1.3) [13, Corollary 5.21; 
for example, D could be the square of the Dirac operator. We think of (5.5) as a family 
of conservation laws for conformal flows. As a special case, we get (with a considerably 
simplified and generalized proof) the result of [8] for the scalar curvature K, since 
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(47r)“/“U1 of the Yamabe operator is (4 - m)lr’/l2(m - 1) [la, Section 4b]. In dimen- 
sion 4, where the Yamabe operator does not give the result on K, we can use instead the 
square of the Dirac operator, for which (4~)~Ur = -I(/3 by the Lichnerowicz formula 
[46] and [24, p. 6101. The proof of (5.3) given in [8] was particularly difficult in dimen- 
sion 2, and we found a corresponding, more general difficulty in an earlier approach to 
(5.5) [la, Corollary 4.21, which we were able to prove only for i # m/2. (The statement 
that w _L U; in L2 is equivalent to (5.5), since mu = divX.) In [13, Section 61, we found 
experimental evidence that the case i = m/2 is somehow more delicate than the others: 
(5.5) for all conformal Killing vector fields is equivalent to the statement that (VU;)#, 
the vector field corresponding to the one-form VU; through g, is perpendicular to the 
null space of the Ahlfors operator S (recall Section 5d). This is in turn equivalent to 
the statement that (VU;)fl is in the range of S*. One can now ask whether (VU;)fl is 
canonically in the range of S’: Is there a universal, trace-free symmetric two-tensor 
local invariant 8; with S*0; = (VU;)l? For Ul = aK when a # 0, the answer is yes if 
and only if m # 2 (0, being -amB/( m - 2), where B is the trace-free Ricci tensor) 
[13, discussion following Theorem 6.11; for i = 2, when D is the Yamabe operator or 
the square of the Dirac operator, the answer is yes if and only if m # 4 [13], discussion 
following (6.6). 
5g. Concluding remark. Conformal geometry was originally motivated by the study 
of Riemann surfaces and the physics of mass zero relativistic particles, and has grown 
into an active area of mathematical inquiry. One of the most recent successes of this field 
is the solution of the Yamabe problem; see the excellent survey paper [45]. Going beyond 
the above list of research problems with immediate connections to the heat operator, one 
should mention such exciting topics as the Yamabe problem on noncompact manifolds, 
the twistor approach to conformal geometry, the classification problem for covariant 
operators on manifolds and the connection to the imbedding problem for generalized 
Verma modules, the study of positive Ricci curvature in general relativity and the 
positive mass theorem, and the CR Yamabe problem. A final recent topic is (back to 
physics and Riemann surfaces) string theory, which almost by definition is the study 
of the conformal geometry of Lorentz surfaces in a high-dimensional Minkowski space, 
together with the representation theory of the (conformal) Virasoro algebra. 
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